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Abstract

This thesis is devoted to relaxing certain theoretical assumptions in pattern

recognition models. In pattern recognition a predictor is trying to guess a

discrete label of some object (usually a real vector), based on given examples

of object-label pairs.

Pattern recognition was developed to serve a growing number of practi-

cal applications; many of these applications still do not fit any theoretical

model. The aim of this work is to make existing learning algorithms justifi-

ably applicable to a wider range of practical tasks, by proving that certain

theoretical assumptions can be relaxed without significant loss in perfor-

mance.

The first assumption this work aims to relax is that examples are in-

dependent and identically distributed (i.i.d.); this condition is traditionally

imposed in the majority of works on pattern recognition, but is often vio-

lated in applications. It turns out that many results of pattern recognition

theory carry over a weaker assumption. Namely, under the assumption that

objects are conditionally independent and identically distributed given their

labels, while the rate of occurrence of each label should be above some

positive threshold. A broad class of predictors is found which retain their

performance under the conditional i.i.d. assumption.

The second assumption concerns the online scenario, according to which

the recognition process consists of a sequence of trials: an object, a predic-

tion, the correct label, another object, etc. While this scenario is convenient

for theoretical studies, in reality the correct answers are usually not available
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after each prediction. A more general online scenario is suggested, which al-

lows correct answers to be given with delays and not at every trial. The new

scenario is studied on symmetric predictors, mainly concentrating on Trans-

ductive Confidence Machines. Some sufficient conditions are found under

which a predictor’s error rates remain the same in the new online scenario

as in the traditional one.
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Chapter 1

Introduction

Motivation

The task of pattern recognition concerns the prediction of an unknown label

of some observation (or object). For instance, the object can be an image of a

hand-written letter, in which case the label is the actual letter represented by

this image. Other examples include DNA sequence identification, diagnosis

of an illness based on a set of symptoms, speech recognition, and many

others. In mathematical formulation a label is a member of a finite set

while an object is a finite-dimensional real vector.

The development of pattern recognition in its modern form probably

began with the works of Rosenblatt on perceptron in the late 1950s. Since

that time numerous approaches to pattern recognition and related learning

problems have been developed. Of these we will mention Statistical Learning

Theory of Vapnik and Chervonenkis, classical non-parametric rules such

as nearest neighbours and partitioning rules, studied by Stone, Cover and

many others, a recent approach proposed by Vovk and Gammerman called

Conformal Prediction, and Neural Networks.

An abundance of practical applications is what attracts researchers to

studying pattern recognition tasks, but it is also what makes perhaps any

theoretical model deficient. Thus, many applications, even such classical as
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hand-written text recognition, do not comply with some theoretical assump-

tions traditionally imposed on data in the literature.

This thesis is devoted to proving that certain theoretical assumptions

can be relaxed without significant loss in performance, thus making pattern

recognition methods justifiably applicable to a wider range of practical tasks.

Before proceeding with a detailed explanation we need some more formal

definitions.

Pattern recognition models

The formal model used most widely can be briefly introduced as follows. The

objects x ∈ X are drawn independently and identically distributed (i.i.d.)

according to some unknown (but fixed) probability distribution P (x). The

labels y ∈ Y are given for each object according to some, also unknown but

fixed, function η(x). Often a more general situation is considered, in which

the labels are drawn according to some probability distribution P (y|x), i.e.

each object can have more than one possible label. The space Y of labels

is assumed to be finite (often binary). The task is to construct the best

predictor for the labels, based on the data observed, i.e. actually to “learn”

η(x).

This task is usually considered in either of the following two settings. In

off-line setting a (finite) set of examples is divided into two finite subsets,

the training set and the testing set. A predictor is constructed based on the

training set and then is used to classify the objects from the testing set.

In the on-line setting a predictor starts by classifying the first object with

zero knowledge; then it is given the correct label and (having “learned” this

information) proceeds with classifying the second object, the second correct

label is given, and so on.

In either of the settings, a predictor is just a function (more formally,

a family of functions indexed by n) which takes as its arguments a n-tuple

of object-label examples (training examples) and on object, and returns the
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label for this object.

Learning conditionally i.i.d. data

The first theoretical assumption we aim to relax is one of the central in

the model: the assumption that examples are independent and identically

distributed. We show that many pattern recognition methods work nearly as

well under weaker assumptions. Namely, under the assumption that objects

are conditionally independent given labels.

First consider the following example. Suppose we are trying to recognise

a hand-written text. Obviously, letters in the text are dependent (for exam-

ple, we strongly expect to meet “u” after “q”). This seemingly implies that

pattern recognition can not be applied to this task, which is, however, one

of their classical applications.

It appears that the only required assumptions on the distribution of

examples are as follows. First, that the dependence between objects is only

that between their labels; in other words, the type of object-label dependence

remains constant over time. In our example, an image of a letter which

in the beginning of the text denotes, say, “a”, later on in the text will

not be interpreted as, say, “e”. Second, for each label, the distribution of

corresponding objects does not change. In the hand–written text example

this means that e.g. hand–writing style is not changing. Finally, the third

assumption is that the rate of occurrence of each label should keep above

some positive threshold. In the above example, the rate of occurrence of

each letter should be, say, between 1% and 99% of all letters, with some

feasible probability (depending on the size of the text).

These intuitive ideas lead us to the following model (to which we refer

as “the conditional model”). The labels y ∈ Y are drawn according to some

unknown (but fixed) distribution over the set of all infinite sequences of

labels. There can be any type of dependence between labels; moreover, we

can assume that we are dealing with any (fixed) combinatorial sequence of
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labels. However, in this sequence the rate of occurrence of each label should

keep above some positive threshold. For each label y the corresponding

object x ∈ X is generated according to some (unknown but fixed) probability

distribution P (x|y). All the rest is as in the i.i.d. model.

The main difference from the i.i.d. model is in that in the conditional

model we made the distribution of labels primal; having done that we can

relax the requirement of independence of objects to the conditional inde-

pendence, and replace the i.i.d. assumption about the distribution of labels

with the only assumption that the rate of occurrence of each label does not

tend to zero.

One of the main criteria in estimating how well a predictor works is the

probability of its error. In this work we provide a tool for obtaining estima-

tions of probability of error of a predictor in the conditional model from an

estimation of the probability of error in the i.i.d. model. The only assump-

tion on a predictor under which the new estimations are of the same order is

what we call tolerance to data: in any large dataset there is no small subset

which significantly affects the probability of error. This property should also

hold with respect to permutations. This assumption on a predictor should

be valid in the i.i.d. model. Thus, the results achieved in the i.i.d. model

can be extended to the conditional model; this concerns distribution–free

results as well as distribution–specific, results on the performance on finite

samples as well as asymptotic results.

The general theorems about extending results concerning performance

of a predictor to the conditional model are illustrated on two classes of

predictors.

First, we use some results of Vapnik-Chervonenkis theory to estimate

performance in the conditional model (on finite amount of data) of predictors

minimising empirical risk. We obtain new bounds on the probability of error

for such predictors in the conditional model, which are of the same order

as the known bounds in the i.i.d. model. We also obtain some strong

consistency results for predictors minimising empirical risk over classes with

12



growing VC dimension.

Second, we extend weak consistency results concerning partitioning and

nearest neighbour estimates from the i.i.d. model to the conditional model.

That is, we show that for the nearest neighbour predictors and certain par-

titioning rules the probability of error in the conditional model tends to

zero.

Various attempts to relax the i.i.d. assumption on learning tasks have

been taken in the literature. Some of these approaches involve the ideas of

conditional independence, wheres others are concerned with such probabilis-

tic models as Markov chains, stationarity of the sequence of examples, and

so on. See section “Related work” for an overview.

Online prediction with Weak Teachers

The second assumption we aim to relax concerns the on-line scenario for

pattern recognition. As noted earlier, in the on-line learning scenario exam-

ples arrive one by one: object, prediction, the correct label, next object, and

so on. Examples are assumed to be independent and identically distributed.

While the online scenario is convenient for theoretical studies, in practice,

however, rarely does one immediately obtain the true label for every object

(otherwise the prediction is not needed). In practice, the true label for an

object is usually given with some delay, if it is given at all. In this work we

modify the online scenario to cover all such cases.

We suggest the following modified scenario for online prediction, which

we call online prediction with weak teachers. At each trial we are given an

object, and at some trials we are also given the correct label for one of the

previous objects, so that the predictor can use this data afterwards. Thus,

some labels may never be revealed while others may be revealed with some

delay. Examples are assumed to be i.i.d., as in the pure on-line scenario.

The trials at and for which true labels are given are chosen independently

of data. We consider two types of what we call learning rules: deterministic
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and randomised; in the first case the steps on which labels are revealed, as

well as the numbers of actual labels are supposed to be pre-defined, while in

the second case they are drawn according to some probability distribution.

The suggested scenarios are studied on so-called region predictors, which

instead of a single label can output a set of labels as a prediction. We

particularly concentrate on the class of region predictors called Transductive

Confidence Machines (TCMs), or conformal predictors.

Transductive Confidence Machines, proposed and developed to a great

extend by Vovk, Gammerman and others, is a way of constructing predictors

from machine-learning algorithms. One of the advantages of a TCM is that

it is always well-calibrated : the number of errors it makes up to trial n

divided by n tends to δ almost surely, where δ ∈ (0, 1) is any pre-specified

“significance level”. Moreover, the probability of error at each trial is δ and

errors are made independently at different trials.

We find sufficient conditions on the amount of information revealed to a

predictor up to the nth trial under which it has the same rate of errors; or,

for the case of a TCM, remains well-calibrated and has the same asymptotic

rate of uncertain predictions.

The main results obtained in this direction can be illustrated by two

simple examples. Deterministic case: suppose only every kth label is re-

vealed to a predictor, and even this is done with a delay of l, where k and

l are positive integer constants. Randomised case: suppose that each label

is revealed with some probability p < 1, and this is done with some (ran-

dom) delay bounded by an integer l. In both described cases the asymptotic

rates of error and uncertain predictions will not suffer (in particular, if the

predictor is a TCM then it will remain well-calibrated).
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List of principal results

The contribution of this work can be summarised as follows.

Conditionally i.i.d. data:

- A general model for pattern recognition (called conditional model)

which extends the traditionally used one is proposed.

- A set of general theoretical tools is developed for extending results

obtained under the traditional (i.i.d.) model to the conditional

model.

- As an application of the general results, a new bound on the

probability of error for predictors minimising empirical risk in

the conditional model is obtained.

- As another application, some classical weak consistency results for

the nearest neighbour and partitioning estimates are generalised

to the case of conditional model.

Weak Teachers:

- A new scenario (called weak teachers) for pattern recognition is

proposed which generalises the on-line scenario to a more realistic

case.

- Some sufficient conditions are found under which a predictor (a

region predictor) achieves the same rate of errors (uncertain pre-

dictions) in the new scenario as in the pure on-line scenario.

- Some sufficient conditions are found under which a TCM remains

well-calibrated in the new scenario.

15



List of author’s publication related to the thesis

- D. Ryabko, Online Learning of Conditionally I.I.D. Data. In: R.

Greiner and D. Schuurmans, Proceedings of the 21 st International

Conference on Machine Learning, Banff, Canada, pp. 727–734, 2004

- D. Ryabko, Application of Classical Nonparametric Predictors to

Learning Conditionally I.I.D. Data. In: S. Ben-David, J. Case,

A. Maruoka, Proceedings of 15th International Conference on Algo-

rithmic Learning Theory, Padova, Italy; Springer LNAI 3244, pp.

171–180, 2004.

- D. Ryabko, Pattern Recognition for Conditionally Independent Data.

Theoretical Computer Science, conditionally accepted (currently under

the second review).

- The results of Chapter 3 are appearing as a part of:

V. Vovk, A. Gammerman, G. Shafer. Algorithmic Learning in a Ran-

dom World, Springer, 2004.

- D. Ryabko, V.Vovk, A.Gammerman Online region prediction with real

teachers. Technical Report CSD-TR-03-09, Royal Holloway University

of London Computer Science Dept., 2003

16



Related work

Many monographs are devoted to pattern recognition and related learning

problems; of these we mention here [45] for overview of statistical learning

theory (Vapnik-Chervonenkis theory), [12, 17] for extensive overview of

nonparametric methods (the latter presenting a more practical approach),

[54] for the theory of conformal prediction (TCMs), [38] for an overview on

neural networks, [50, 24] for PAC theory.

The reader is referred to the above referenced sources for extensive

overviews, while this section is devoted to the observation of work related

to the main topics of the thesis: attempts to relaxing the i.i.d. assumption

in pattern recognition, and on-line learning.

Relaxing the i.i.d. assumption

Individual sequence prediction

One approach in which conditional independence is used was developed in

[25], [26]. The authors study nearest neighbours and kernel estimators for

the task of regression estimation with continuous regression function (in [26]

some Lipschitz conditions are also assumed). The task of regression esti-

mation is similar to pattern recognition, except for that labels can range

over the set of real numbers, rather than over a finite set. The probabilis-

tic assumption considered by the authors is that labels are conditionally

independent given their objects (each label yi is drawn according to an un-

known conditional distribution P (y|xi)), while objects form any individual

sequence.

Observe that this probabilistic assumption is strictly weaker than ours;

what allows the authors to consider arbitrarily distributed objects is the as-

sumption that the regression function E(y|x) is continuous. (In the pattern

recognition task which we consider the regression function is discontinuous in

all non-trivial cases.) Note also the generality of the referred approach: both
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nearest neighbours and kernels estimators are considered; it is also natural

to expect that similar results can be obtained for appropriate partitioning

rules.

A similar approach is considered in [32], where a regression estimation

scheme is proposed which is consistent for any individual stable sequence

of object-label pairs — placing no probabilistic assumptions at all. (This

approach is also applied to the density estimation task in [35].) Here the

conditional independence of labels is replaced with a certain type of sta-

bility. More importantly, the authors also assume that there is a known

upper bound on the variation of regression function (which plays the role of

Lipschitz conditions of the previous approach). The regression estimation

scheme considered is a partitioning rule.

Again, the probabilistic assumption is obviously weaker that ours but

the assumption on variation of regression function makes the learning task

completely different.

As the previous example illustrates, non-trivial consistency results can

often be obtained without any probabilistic assumptions at all, at the cost

of different restrictions on the nature of pattern recognition problem. As

we are more interested in strict generalisations, while in such cases various

non-trivial restrictions are also adopted, we mention only one more example.

This classical example concerns perceptron. Suppose that objects lie in

a bounded subset of R
d and are separable by a hyperplane with a margin.

The Novikoff Theorem [37] says that in this case, for any individual sequence

of examples the perceptron finds a separating hyperplane, i.e. achieves zero

probability of error. Moreover, a bound on the number of iterations made

by the perceptron algorithm is provided.

Markov processes

Another attempt of relaxing the i.i.d. assumption had been taken in [20] and

[1], where a generalisation of PAC approach to Markov chains is considered.
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In the PAC approach (following Vapnik-Chervonenkis theory) a class of

decision rules (functions from X to Y = {0, 1}) C is considered, and the goal

is to find the best rule in C for solving the current pattern recognition task.

Often, and in particular in the referred works, it is also assumed that the

optimal rule belongs to C. The probabilistic assumption made is that the

random process takes the form of a Markov chain with finite or countable

state space.

Under these assumptions the authors obtain finite-step estimates of the

probability of error.

Stationary processes and sequence prediction

As one of the most general probabilistic assumptions which still models many

real-life situations, stationary processes are in the focus of attention of many

researchers. However, usually learning tasks other than pattern recognition

are considered under this assumption. It is mainly the task of sequential pre-

diction, that is, predicting the next element of a series of “labels” (without

objects) given a finite or infinite past, that is being investigated. The task

of predicting a label given its object and the past, i.e. learning object-label

dependence, is considered as an extension of the task of learning label-label

dependence: the objects are thought of as “side information”. Still, many

ideas are shared between this task and the task of pattern recognition.

Thus, in [3, 31] the authors study the task of predicting a stationary

sequence, and also consider the generalisation of this task to the task of re-

gression estimation and pattern recognition. Under the assumption that the

joint distribution of objects and labels is stationary and ergodic, the authors

construct a weakly consistent predictor, based on partitioning estimates.

For these learning problems no strong consistency or finite-step results

can possibly be obtained. As it was shown in [41], this limitation concerns

even the discrete case of the task of predicting stationary task series. On

limitations to classification from stationary processes see also [34].
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Another track of research which concerns predicting a sequence of labels

with side information is based on applying Hidden Markov Models (see e.g.

[39]) and some their generalisations. Usually additional probabilistic con-

straints (of different degree) are imposed on the distribution of examples,

often resulting in methods applicable to specific practical tasks. Here we

mention Maximal Entropy Markov Models [30], Conditional Random Fields

[27] and Hidden Markov Support Vector Machines [2]. Such approaches nat-

urally require new (at least adapted) recognition methods, and in this sense

they are different from our approach which aims to extend applicability of

existing algorithms.

Transductive Confidence Machines

Transductive Confidence Machines (TCMs, or conformal transducers), first

introduced in [53] in 1999, now represent a very general branch of machine

learning. Here we provide a brief survey of the features of TCMs important

for our work; for a complete overview of this theory see [54].

First of all, a TCM is a region predictor, which means that it can output

a prediction not as a single label, but as a set of labels. A prediction is

correct if it contains the correct label.

One of the advantages of a TCM is that it is well-calibrated: the number

of (region) errors it makes up to trial n divided by n tends to δ almost surely,

where δ ∈ (0, 1) is any pre-specified “significance level” (see [51]). Moreover,

the probability of error at each trial is δ and errors are made independently

at different trials.

The way in which a TCM actually makes its predictions is not fixed;

that is, a TCM is not some fixed predictor, but a way of constructing re-

gion predictors from machine-learning algorithms. A learning algorithm is

implemented into a TCM via a so-called individual strangeness measure. If

underlying learning algorithm is bad (for the problem at hand) then a TCM

will output many “uncertain” predictions, i.e. predictions consisting of more
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then one label. However, it will still remain well-calibrated: the total rate

of errors is kept at a pre-defined level.

Thus, a TCM allows to make a trade-off between erroneous and uncer-

tainty; and to measure the performance of such algorithms, two rates must

be evaluated: the rate of errors and the rate of uncertain predictions. As

it was already mentioned, it is customary to measure the performance of

prediction of a TCM is by rates (of errors and uncertain predictions) rather

than by probabilities. This theoretical measure of performance, introduced

for learning algorithms in [41], in pattern recognition literature is used per-

haps mainly in connection with TCMs. However, it is this measure of per-

formance that allows us to consider delayed or omitted labels (i.e. imperfect

or “weak” teachers) in the on-line scenario. Indeed, the probability of error

remains constant over delays, hence nothing can be said about the influence

of delays on the performance thus measured. On the other hand, rates of

erroneous provide an appropriate tool for estimating the role of delayed or

omitted labels.

The referred approaches being relatively new, there is not yet much work

done in studying generalisations of the on-line scenario. However, our “Weak

Teachers” model has already gained some attention. Thus, in [36] the au-

thors establish some necessary and sufficient conditions for a TCM in the

Weak Teachers scenario to remain well-calibrated in probability (rather then

almost surely as in this study).
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Synopsis

Chapter 2 is devoted to relaxing the i.i.d. assumption in pattern recogni-

tion. In this chapter, the first section (Section 2.1) introduces the basic

definitions and two pattern recognition models: the traditional model, which

we call “i.i.d. model”, and the new one, which is called “conditional model”.

In the i.i.d. model the objects xi, i ∈ N are generated independently and

identically distributed according to some (unknown but fixed) distribution

on the object space X = R
d, while labels yi ∈ Y = {0, 1} are defined by

some (also unknown but fixed) function η : X → Y. A predictor is required

to estimate η based on some examples x1, y, . . . , xn, yn.

In the conditional model the assumption that examples are generated

i.i.d. is replaced by the following two conditions (the symbol P is used for

the distribution generating examples). First, for any n ∈ N and for any

measurable set A in X

P(Xn ∈ A | Yn, X1, Y1, . . . , Xn−1, Yn−1) = P(Xn ∈ A | Yn)

(upper case letters X and Y are used for random variables). Second, for any

y ∈ Y, for any n1, n2 ∈ N and for any measurable set A in X

P(Xn1 ∈ A | Yn1 = y) = P(Xn2 ∈ A | Yn2 = y)

These conditions mean that objects are independent given their labels,

and that the object-label dependence does not change in time. To obtain

new estimates of the probability of error some assumptions on the frequen-

cies of labels are also needed. Namely, it is required that the frequency

of occurrence of each label stays (with high probability) in some interval

[δ, 1 − δ], δ > 0. For the finite-step results this assumption is captured in

the constants Cn (see below), while for the asymptotic results the following
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condition is introduced:

lim
n→∞

P(p(n) ∈ [δ, 1 − δ]) = 1,

for some δ, 0 < δ < 1/2, where p(n) := 1
n
#{i ≤ n : Yi = 0}.

The general results which allow to convert estimates on the probability of

error obtained in the i.i.d. model to the conditional model are also presented

in Section 2.1.

The main result of this section is a theorem, which provides estimates

of the probability of error of a predictor in the conditional model via the

estimates of its probability of error in the i.i.d. model and its tolerance

to data. Tolerance to data measures the response of a predictor to small

changes in a training sample. The new estimates also depend on constants

Cn which are related to the frequencies of occurrence of the labels, and are

defined as follows. Fix some δ ∈ (0, 1/2]. Define Cn := P(δ ≤ |p(n)| ≤ 1−δ)

for each n ∈ N.

The referred theorem is followed by a corollary which provides a general

tool for obtaining weak consistency results in the conditional model.

In Section 2.2 some bounds on the performance of predictors minimising

empirical risk are obtained, using the results of the previous section. The

new bounds are of the same order as the corresponding bounds known in

the statistical learning theory for the classical (i.i.d.) model.

The new results of the section are preceeded by a brief introduction to

the theory of empirical risk minimisation.

Let errn(Γ,P) denote the probability of error of a predictor Γ on the step

n + 1 (it also depends on the x1, . . . , xn).

The main result of Section 2.2 is the following theorem.

Theorem. Let C be a class of decision functions and let Γ be a predictor

which for each n ∈ N minimises empirical error over C on the observed

examples x1, y1, . . . , xn, yn. Fix some δ ∈ (0, 1/2]. Assume n > 4/ε2. We
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have

P(errn(Γ,P) > ε) ≤ I2 err(ϕP1/2
,P1/2)>ε/2 +32S(C, n)e−2−15nδ2ε2

+ (1−Cn),

where S(C, n) is the nth shatter coefficient of the class C. If in addition η ∈ C

then

P(errn(Γ,P) > ε) ≤ 8S(C, n)e−nδε/48 + (1 − Cn).

Two corollaries of this theorem are derived. These corollaries provide

a strong consistency result for predictors minimising empirical risk over a

series of classes with growing VC dimension, and an application of this result

to the classes of neural networks.

In Section 2.3 the results of Section 2.1 are used to obtain weak consis-

tency results for the nearest neighbours and partitioning rules. First these

rules are defined, and the classical results concerning their consistency in

the i.i.d. model are presented. The consistency results are then generalised

to the conditional model as follows.

Theorem. Let Γ be the nearest neighbour classifier. Let P be some distri-

bution on X∞ satisfying the assumptions of the conditional model such that

rates of occurrence of labels are bounded from below. Then

E(errn(Γ,P)) → 0.

Theorem. Let Γ be a partitioning predictor such that the diameter of a

cell tends to zero and the number of examples in a cell tends to infinity in

probability for any distribution generating i.i.d. examples. Then

E(errn(Γ,P)) → 0.

for any distribution P satisfying the assumptions of the conditional model

such that rates of occurrence of labels are bounded from below.
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Section 2.4 provides a discussion of the assumptions made in the new

model and of the conditions of the main theorems. It is shown (and illus-

trated by counterexamples) that no assumption can be withdrawn.

Chapter 3 is devoted to a generalisation of the traditional on-line learn-

ing scenario for pattern recognition. In this chapter we work with a gener-

alised version of predictors, so-called region predictors, which are allowed to

output predictions consisting of several labels. The performance of such pre-

dictors is measured not only by rates of errors, but also by rates of uncertain

predictions, i.e. predictions consisting of more than one label.

In Section 3.1 these and related notions are defined, and the class of

predictors called Transductive Confidence Machines (TCMs) is introduced.

TCMs have many useful properties, one of which is that a TCM is always

well calibrated, i.e. achieves in asymptotic any pre-specified level of erro-

neousness.

In the (strict) on-line scenario for pattern recognition a predictor starts

by classifying the first object with zero knowledge, then it is given the correct

label, and with this information it classifies the second object; it is given the

second label, etc.

In Section 3.2 a new scenario for pattern recognition is proposed, which

allows situations in which some correct labels are delayed or not given at

all. The new scenario is introduced in two versions: deterministic and ran-

domised.

The deterministic scenario is defined as follows. A sequence L =
(
(li, ki) :

i ∈ N
)
, where (li, ki) ∈ N×N, i ∈ N is called a (deterministic) learning rule

if ki ≤ ni =
∑i

j=1 lj for all i ∈ N , and i 6= j implies ki 6= kj for all i, j ∈ N.

The symbol N denotes the set {n1, n2, . . . }. In this definition, the numbers

li specify the delays with which true labels are disclosed, so that ni are the

numbers of trials on which the labels are disclosed, while ki are the numbers

of actual labels.

Thus, at the end of each trial n ∈ N a predictor “learns” the label yn if

n ∈ N and “learns” nothing otherwise. The sequence (li : i ∈ N) specifies
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the intervals in which labels are given, while the sequence (ki : i ∈ N)

specifies the labels given on corresponding steps.

Several examples of learning rules are considered: slow teacher (each

label is delayed), lazy teacher (a fraction of labels is omitted), and some

others. The main result of this section concerning deterministic learning

rules provides some sufficient conditions on the parameters of the determin-

istic scenario under which a region predictor retains (from the pure on-line

scenario) its rate of uncertain predictions or a TCM remains well-calibrated.

Theorem. Let Γ1−δ be a symmetric (region) predictor, let L be a deter-

ministic learning rule, and let ΓL

1−δ be the L-taught version of Γ1−δ. The

following statements hold for any probability distribution P ∞ generating the

examples.

• If Γ1−δ is a TCM and
∞∑

i=2

l2i
n2

i

< ∞

then ΓL

1−δ is well calibrated.

• If for some l ∈ N, li = l from some i on, then U(ΓL

1−δ, P ) = U(Γ1−δ, P )

and Er(ΓL

1−δ, P ) = Er(Γ1−δ, P ).

In this theorem, the intervals U and Er are the intervals which in asymp-

totic contain the rate of uncertain prediction and the rate of errors corre-

spondingly; 1 − δ is a pre-specified level of confidence.

In Subsection 3.2.2, a randomised version of learning rules is intro-

duced. It allows to consider such examples as Bernoulli teacher (each label is

given with a certain fixed probability, independently of each other), Poisson

teacher (the delays with which labels are given are distributed according to

the Poisson distribution), and others. An analogue of the latter theorem for

the case of randomised learning rules is provided.

Section 3.3 discusses the conditions of the theorems, illustrating the

main results with some examples in which the conditions are satisfied. Also
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in this section the necessity of certain conditions is discussed.

Finally, Chapter 4 presents a conclusion and possible directions for the

future research.
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Chapter 2

Learning conditionally i.i.d.

data

2.1 Definitions and general results

In this section we describe the commonly used i.i.d. model and introduce our

generalisation: the conditional model. General results are presented, which

allow to obtain estimates of performance of a predictor in the conditional

model based on estimates achieved in the i.i.d. model. This section also

introduces basic notations for spaces, random variables, predictors, etc. used

in the succeeding sections.

2.1.1 The i.i.d. model

Consider a sequence of examples

(x1, y1), (x2, y2), . . . ;

each example zi := (xi, yi) consists of an object xi ∈ X and a label yi :=

η(xi) ∈ Y, where X is a measurable space called an object space, Y := {0, 1}
is called a label space and η : X → Y is some deterministic function. For
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simplicity we made the assumption that the space Y is binary, but all results

easily extend to the case of any finite space Y. The notation Z := X×Y is

used for the measurable space of examples. Objects are drawn according to

some probability distribution P on X∞ (and labels are defined by η).

The notation P is used for distributions on X∞ while the symbol P is

reserved for distributions on X. In the latter case P∞ denotes the i.i.d. dis-

tribution on X∞ generated by P . Letters x, y, z will be used for elements of

spaces X,Y,Z correspondingly, while letters X, Y, Z are reserved for random

variables on these spaces.

The traditional assumption about the distribution P generating objects

is that examples are independently and identically distributed (i.i.d.) ac-

cording to some distribution P on X (i.e. P = P∞).

2.1.2 The conditional model

We introduce a modified model for pattern recognition task which we call

conditional model. In this model, we replace the assumption that examples

are independent with the following two conditions.

First, for any n ∈ N and for any measurable set A in X

P(Xn ∈ A | Yn, X1, Y1, . . . , Xn−1, Yn−1) = P(Xn ∈ A | Yn) (2.1)

(i.e. some versions of conditional probabilities coincide). This condition

resembles the Markov condition, with the help of which it can be understood

more easily. Markov condition requires that each object depends on the past

only through its immediate predecessor. The condition (2.1) says that each

object depends on the past only through its label.

Second, for any y ∈ Y, for any n1, n2 ∈ N and for any measurable set A

in X

P(Xn1 ∈ A | Yn1 = y) = P(Xn2 ∈ A | Yn2 = y) (2.2)

(i.e. the process is uniform in time; (2.1) allows dependence on n).
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Note that the first condition means that objects are conditionally inde-

pendent given labels (on conditional independence see [10, 11]). Under the

conditions (2.1) and (2.2) we say that objects are conditionally independent

and identically distributed (conditionally i.i.d).

For each y ∈ Y denote by Py the conditional distributions P(Xn | Yn =

y) (it does not depend on n by (2.2)). Clearly, the distributions P0 and P1

define some distribution P on X up to a parameter p = P (y = 1) ∈ [0, 1].

That is, define Pp(A) := pP1(A) + (1 − p)P0(A) for any measurable set

A ⊂ X and for each p ∈ [0, 1]. Thus with each distribution P satisfying the

assumptions (2.1) and (2.2) we will associate a family of distributions Pp,

p ∈ [0, 1].

The assumptions of the conditional model can be also interpreted as

follows. Assume that we have some individual sequence (yn)n∈N of labels

and two probability distributions P0 and P1 on X, such that there exist sets

X0 and X1 in X such that P1(X1) = P0(X0) = 1 and P0(X1) = P1(X0) = 0

(i.e. X0 and X1 define some function η). Each example xn ∈ X is drawn

according to the distribution Pyn; examples are drawn independently of each

other.

2.1.3 Predictors: erroneousness and stability

In this section we define the notion of predictor and its probability of error.

We also define what we call tolerance to data of a predictor, a tool for

estimating the sensitivity of a predictor to small changes in training data.

A brief overview is provided drawing attention to similar notions in pattern

recognition literature.

A predictor is a measurable function

Γ(x1, y1, . . . , xn, yn, xn+1)

taking values in Y. Let Γn := Γ(x1, y1, . . . , xn, yn, xn+1).
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The probability of error of a predictor Γ on each step n is defined as

errn(Γ,P, z1, . . . , zn) := P
{
(x, y) ∈ Z

∣∣ y 6= Γn(z1, . . . , zn, x)
}

We will sometimes omit some of the arguments of errn when it can cause

no confusion; in particular, we will often use a short notation

P(errn(Γ, Z1, . . . , Zn) > ε)

and an even shorter one P(errn(Γ) > ε) in place of

P
{
z1, . . . , zn : errn(Γ,P, z1, . . . , zn) > ε

}
.

For a pair of distributions P0 and P1 and any δ ∈ (0, 1/2) set

5δ(P0, P1, n, ε) := sup
p∈[δ,1−δ]

P∞
p (errn(Γ) > ε) (2.3)

For a predictor Γ and a distribution P on X define

∆(P, n, z1, . . . , zn) := max
j≤κn; π:{1,...,n}→{1,...,n}

| errn(Γ, z1, . . . , zn)−

errn−j(Γ, zπ(1), . . . , zπ(n−j))|;

where κn :=
√

n log n (see the end of Section 2.4 for the discussion of the

choice of the constants κn). Again, the variables z1, . . . , zn will be sometimes

omitted when it can cause no confusion. Define

∆(P, n, ε) := P n
(
∆(P, n, Z1, . . . , Zn) > ε

)
(2.4)

for any n ∈ N, any ε > 0. Furthermore, for a pair of distributions P0 and

P1 and any δ ∈ (0, 1/2) define the tolerance to data of a predictor as

∆δ(P0, P1, n, ε) := sup
p∈[δ,1−δ]

∆(Pp, n, ε).
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Tolerance to data means, in effect, that in any typical large portion of

data there is no small portion that changes significantly the probability of

error. This property should also hold with respect to permutations.

We will also use another version of tolerance to data, in which instead

of removing (at most) κn examples from the training data (z1, . . . , zn) we

replace them with an arbitrary sample z′
j, . . . , z

′
n consistent with η:

∆̄(P, z1, . . . , zn) := sup
j<κn;π1,π2:{1,...,n}→{1,...,n};z′n−j ,...,z′n

| errn(Γ, P∞, z1, . . . , zn) − errn(Γ, P∞, ζ1, . . . , ζn)|,

where ζπ1(i) := zπ2(i) if i < n − j and ζπ1(i) := z′i otherwise; the maximum is

taken over all z′i, n − j < i ≤ n consistent with η. Define

∆̄(P, n, ε) := P n
(
∆̄(P, n, Z1, . . . , Zn) > ε

)

and

∆̄δ(P0, P1, n, ε) := sup
p∈[δ,1−δ]

∆̄(Pp, n, ε).

The same notational convention will be applied to ∆ and ∆̄ as to errn.

Various notions similar to tolerance to data have been studied in the

literature. Perhaps first they appeared in connection with deleted and con-

densed estimates [40, 15, 16]. These notion were later called hypothesis

stability in [23]. Hypothesis stability measures the difference in probabil-

ity of error when one point from the training sample is removed. Several

other versions of stability (such as pointwise hypothesis stability, error sta-

bility, uniform stability) have been later introduced in [6, 23]; in [6] also an

extensive overview is provided.

Naturally, such notions arise when there is a need to study the behaviour

of a predictor when some of the training examples are removed. These no-

tions are much similar to what we call tolerance to data, only we are inter-

ested in the maximal deviation of probability of error (when some portion
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of training data is removed or changed) while usually it is the average or

minimal deviations that are estimated.

Since the term “stability” is already overburdened with sense, a different

term (“tolerance to data”) is chosen in the present work.

2.1.4 General results

A predictor developed to work in the off-line setting should be, loosely speak-

ing, tolerant to small changes in a training sample. The next theorem shows

under which conditions this property of a predictor can be utilised.

Theorem 2.1. Suppose that a distribution P generating examples is such

that the objects are conditionally i.i.d, i.e. P satisfies (2.1) and (2.2). Fix

some δ ∈ (0, 1/2], let p(n) := 1
n
#{i ≤ n : Yi = 1} and Cn := P(δ ≤ p(n) ≤

1 − δ) for each n ∈ N. Let also αn := 1
1−1/

√
n
. For any predictor Γ and any

ε > 0 we have

P(errn(Γ) > ε) ≤ C−1
n αn

(
5δ(P0, P1, n + κn, δε/2)

+ ∆δ(P0, P1, n + κn, δε/2)
)

+ (1 − Cn), (2.5)

and

P(errn(Γ) > ε) ≤ C−1
n αn

(
5δ(P0, P1, n, δε/2)

+ ∆̄δ(P0, P1, n, δε/2)
)

+ (1 − Cn). (2.6)

The proofs for this section can be found in Section 2.5.

The theorem says that if we know with some confidence Cn that the

rate of occurrence of each label is not less than some (small) δ, then having

bounds on the error rate of a predictor in the i.i.d. model we can obtain

bounds on its error rate in the conditional model. In other words, suppose

that we believe that objects are conditionally i.i.d and know with some con-

fidence that each label does not cease to occur; then if we want to obtain
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estimates of the performance of a predictor we need to estimate its perfor-

mance for the case of i.i.d examples and to obtain bounds on its tolerance

to data, also for the case of i.i.d examples.

Thus we have a tool for estimating the performance of a predictor on each

finite step n. In Section 2.2 we will show how this results can be applied to

predictors minimising empirical risk. However, if we are only interested in

asymptotic results the formulations can be simplified.

For any sequence of examples z1, z2, . . . define p(n) := 1
n
#{i ≤ n : yi =

1}. Consider the following asymptotic condition on the frequencies of labels.

We say that the rates of occurrence of labels are bounded from below if there

exist such δ, 0 < δ < 1/2 that

lim
n→∞

P(p(n) ∈ [δ, 1 − δ]) = 1. (2.7)

As the condition (2.7) means Cn → 1 we can derive from Theorem 2.1

the following corollary.

Corollary 2.2. Suppose that a distribution P satisfies (2.1), (2.2), and

(2.7) for some δ ∈ (0, 1/2]. Let Γ be such a predictor that

lim
n→∞

5δ(P0, P1, n, ε) = 0 (2.8)

and either

lim
n→∞

∆δ(P0, P1, n, ε) = 0 (2.9)

or

lim
n→∞

∆̄δ(P0, P1, n, ε) = 0 (2.10)

for any ε > 0. Then

E(errn(Γ,P, Z1, . . . , Zn)) → 0.

In Section 2.3 we show how this statement can be applied to prove weak

consistence of some classical nonparametric predictors in the conditional
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model.

2.2 Application to Empirical Risk Minimisa-

tion

In this section we show how to estimate the performance of a predictor

minimising empirical risk (over or certain class of functions) using Theo-

rem 2.1. To do this we estimate tolerance to data of such predictors, using

some results of Vapnik-Chervonenkis theory. In the first subsection some

basic definitions and results are assembled which are required for the next

subsection, in which our generalisation is presented.

2.2.1 Empirical risk minimisation

Empirical risk minimisation theory was developed by Vapnik and Chervo-

nenkis in 1970s [47, 48]. For more recent overviews see [45, 49] and also [12],

Chapter 12.

The main idea is to search for the solution to pattern recognition problem

in two stages. On the first stage an appropriate class C ⊂ P(X) of decision

functions is selected (for example, on the basis of some prior knowledge).

Then, the available data (the training data) is used to select a function from

this class. Empirical risk of a decision function is the number of examples

from the training set which it fails to classify correctly. It is shown that,

provided the class C is not too big, an optimal solution is to select a func-

tion which minimises empirical risk. Now we proceed with a more formal

exposition.

Let X = R
d for some d ∈ N and let C be a class of measurable functions

of the form ϕ : X → Y = {0, 1}, called decision functions. For a probability

distribution P on X define err(P, ϕ) := P (ϕ(Xi) 6= Yi). If the examples

are generated i.i.d. according to some distribution P , the aim is to find a
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function ϕ from C for which err(P, ϕ) is minimal:

ϕP = argminϕ∈C err(P, ϕ).

In the theory of empirical risk minimisation this function is approximated

by the function

ϕ∗
n := argminϕ∈C

errn(ϕ)

where errn(ϕ) :=
∑n

i=1 Iϕ(Xi)6=Yi
is the empirical error functional, based on

a sample (Xi, Yi), i = 1, . . . , n. Thus, Γ(z1, . . . , zn, xn+1) := ϕ∗
n(xn+1) is a

predictor minimising empirical risk over the class of functions C.

It is important to measure the capacity of the class C; roughly speaking,

if C is small enough then empirical error minimisation works. The capacity

is measured by Vapnik-Chervonenkis dimension (VC-dimension) which is

defined as follows. Define the n-th shatter coefficient of the class C as

S(C, n) := max
A={x1,...,xn}⊂X

#{C ∩ A : C ∈ C}.

In words, the shatter coefficient is the maximal number of different subsets

of n points that can be picked out by the sets from C. Clearly, S(C, n) ≤ 2n,

and if S(C, k) < 2k for some k, then S(C, n) < 2n for all n > k. The first

such k is called VC-dimension:

V (C) := max{n ∈ N : S(C, n) = 2n}.

If V (C) < ∞ then the following bound is valid [46]

S(C, n) ≤
V (C)∑

i=0

(
n

i

)
≤ (n + 1)V (C). (2.11)

Trivially, the VC dimension of the class of all subsets of X is infinite, as

is the dimension of the class of finite unions of all intervals in R. On the

other hand, VC dimension of the class of intervals in R is 2. The following
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example (which will be used later) is provided in [4]. Let C
k be the class

of all neural networks with k nodes in the hidden layer and the threshold

sigmoid. Let X = R
d. Then

V (Ck) ≤ (2kd + 4k + 2) log2(e(kd + 2k + 1)). (2.12)

One of the basic results of Vapnik-Chervonenkis theory is the estimation

of the difference of probabilities of error between the best possible function

in the class (ϕP ) and the function which minimises empirical error (see [45]

or [12], Theorem 12.6):

P
(
errn(Γ, P ) − err(ϕP , P ) > ε

)
≤ 8S(C, n)e−nε2/128, (2.13)

Thus,

P (errn(Γ, P ) > ε) ≤ Ierr(ϕP ,P )>ε/2 + 8S(C, n)e−nε2/512. (2.14)

A particularly interesting case is when the optimal rule belongs to C, i.e.

when η ∈ C. This situation was investigated in [44, 5, 33] and other works.

Obviously, in this case ϕP ∈ C and err(ϕP , P ) = 0 for any P . Moreover, the

bound (2.13) can be improved (see e.g. [12], Theorem 12.7)

P (errn(Γ, P ) > ε) ≤ 2S(C, n)e−nε/2. (2.15)

These inequalities provide estimates of probability of error for predictors

minimising empirical risk, given the estimate of error of the best decision

function available. Clearly, these bounds are nontrivial only in the case when

the VC dimension of the class C is finite. Important cases of classes with

finite VC dimension include classes of hyperplanes and classes of partitions

with fixed number of cells.

However, finite VC dimension usually means that the class is rather

small. Thus, it is natural to look for a balance between the size of available
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dataset and the capacity of C. By extending the class C with the growth

of n we can possibly obtain better generalisation. For asymptotic (strong

universal consistency) results achieved on this way see [29, 45]. Some of

these results are also generalised in the next section.

2.2.2 Extension to the conditional model

The following theorem provides analogues of the bounds (2.14) and (2.15)

for the conditional model.

Theorem 2.3. Let C be a class of decision functions and let Γ be a predic-

tor which for each n ∈ N minimises errn over C on the observed examples

(z1, . . . , zn). Fix some δ ∈ (0, 1/2], let p(n) := 1
n
#{i ≤ n : Yi = 0} and

Cn := P(δ ≤ p(n) ≤ 1 − δ) for each n ∈ N. Assume n > 4/ε2 and let

αn := 1
1−1/

√
n
. We have

∆(P0, P1, n, ε) ≤ 16S(C, n)e−nε2/512. (2.16)

(which does not depend on the distributions P0 and P1) and

P(errn(Γ,P) > ε) ≤ I2 err(ϕP1/2
,P1/2)>ε/2 (2.17)

+16αnC
−1
n S(C, n)e−nδ2ε2/2048 + (1 − Cn).

If in addition η ∈ C then

∆(n, ε) ≤ 4S(C, 2n)2−nε/8 (2.18)

and

P(errn(Γ,P) > ε) ≤ 4αnC−1
n S(C, n)e−nδε/16 + (1 − Cn). (2.19)

Thus, if we have bounds on the VC dimension of some class of classifiers,

we can obtain bounds on the performance of the empirical error minimising

38



predictors for the conditional model.

The proof can be found in Section 2.6.

Next we show how asymptotic (strong consistency) results can be

achieved in the conditional model.

Using Theorem 2.3, inequality (2.11) and Borel-Cantelli lemma, we ob-

tain the following statement.

Corollary 2.4. Let Ck, k ∈ N be a sequence of classes of decision functions

with finite VC dimension such that limk→0 infϕ∈Ck err(ϕ, P ) = 0 for any

distribution P on X. If kn → ∞ and V (Ckn ) log n
n

→ 0 as n → ∞ then

err(Γ,P) → 0 P–a.s.

where Γ is a predictor which in each trial n minimises empirical risk over

Ckn and P is any distribution satisfying (2.1), (2.2) and
∑∞

n=1(1−Cn) < ∞.

In particular, if we use the bound (2.12) on the VC dimension on classes

of neural networks then we obtain the following corollary (which generalises

the corresponding result from [29]).

Corollary 2.5. Let Γ be a classifier that minimises empirical error over the

class Ckn , where Ckn is the class of neural net classifiers with kn nodes in the

hidden layer and the threshold sigmoid, and kn → ∞ so that kn log n/n → 0

as n → ∞. Let P be any distribution on X∞ satisfying (2.1) and (2.2) such

that
∑∞

n=1(1 − Cn) < ∞. Then

lim
n→∞

errn(Γ) = 0 P–a.s.

2.3 Application to classical nonparametric

predictors

In this section we use two types of classical nonparametric predictors: par-

titioning and nearest neighbour classifiers, to show how weak consistency
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results can be generalised to the conditional model. In the first subsection

we introduce the Nearest Neighbour and partitioning rules, and present in

the next section our generalised consistency results.

2.3.1 Nearest Neighbour and partitioning estimators

Nearest neighbours rule, first introduced in [18, 19], has attracted attention

of many researchers as a very simple yet powerful classification tool. Main

results which are referred and used in the present section have been obtained

in [8, 43, 14]. See also [12], Chapter 5 for an extensive overview.

Nearest Neighbour predictor assigns to a new object x the label of its

nearest neighbours among x1, . . . , xn:

Γn(x1, y1, . . . , xn, yn, x) := yj,

where j := argmini=1,...,n ‖x − xi‖.
For i.i.d. distributions this predictor is weakly consistent, i.e.

E(errn(Γ, P∞)) → 0

for any distribution P on X. (This result follows from the results of [43] and

[8].)

A partitioning predictor on each step n partitions the object space X =

R
d, d ∈ N into disjoint cells An

1 , A
n
2 , . . . and classifies in each cell according

to the majority vote:

Γ(z1, . . . , zn, x) :=

{
0 if

∑n
i=1 Iyi=1Ixi∈A(x) ≤

∑n
i=1 Iyi=0Ixi∈A(x)

1 otherwise,

where A(x) stands for the cell containing x. Introduce

diam(A) := sup
x,y∈A

‖x − y‖
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and

N(x) :=

n∑

i=1

Ixi∈A(x).

It is a well known result (see, e.g. [12], Theorem 6.1) that a partitioning

predictor is weakly consistent, provided certain regulatory conditions on the

size of cells. More precisely, let Γ be a partitioning predictor such that

diam(A(X)) → 0 in probability and N(X) → ∞ in probability. Then for

any distribution P on X

E(errn(Γ, P∞)) → 0.

A simple example of partitioning estimate is the cubic histogram rule.

This rule partitions the object space R
d into sets of the type

d∏

i=1

[kihn, (ki + 1)hn)

where ki’s are integers. Such predictor is consistent (i.e. the probability of

error tends to zero) if hn → 0 and nhd
n → ∞ as n → ∞, see [21, 22].

We note that more general and strong (e.g. strong consistency) results

exist for the described rules and their generalisations (see e.g. [14],[28]).

However, we do not aim to generalise the state-of-the-art results in nonpara-

metric classification, but rather to illustrate that weak consistency results

can be extended to the conditional model.

2.3.2 Extension to the conditional model

We present the following generalisation of the results on nonparametric clas-

sification.

Theorem 2.6. Let Γ be the nearest neighbour classifier. Let P be some
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distribution on X∞ satisfying (2.1), (2.2) and (2.7). Then

E(errn(Γ,P)) → 0.

The proofs for this section can be found in Section 2.7.

Theorem 2.7. Let Γ be a partitioning predictor such that diam(A(X)) → 0

in probability and N(X) → ∞ in probability, for any distribution generating

i.i.d. examples. Then

E(errn(Γ,P)) → 0.

for any distribution P on X∞ satisfying (2.1), (2.2) and (2.7).

2.4 Discussion of the conditions of the model

In the section 2.1 we have introduced the “conditionally i.i.d.” model for

pattern recognition which generalises the commonly used i.i.d. model. Nat-

urally, a question arises whether our conditions on the distributions and on

predictors are necessary, or they can be yet more generalised in the same

direction. In this section we discuss the conditions of the new model from

this point of view.

The first question is: Can the same bounds on the probability of error

in the conditional model be achieved without assumptions on tolerance to

data? The following negative example shows that some bounds on tolerance

to data are necessary.

Remark 2.8. There exists a distribution P on X∞ satisfying (2.1) and (2.2)

such that P(|pn−1/2| > 3/n) = 0 for any n (i.e. Cn = 1 for any δ ∈ (0, 1/2)

and n > 3
(1/2−δ)

) and a predictor Γ such that P n
p (errn > 0) ≤ 21−n for any

p ∈ [δ, 1 − δ] and P(errn = 1) = 1 for n > 1.

Proof. Let X = Y = {0, 1}. We define the distributions Py as Py(X = y) =

1, for each y ∈ Y (i.e. η(x) = x for each x). The distribution P|Y∞ is defined
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as a Markov distribution with transition probability matrix

(
0 1

1 0

)
, i.e.

it always generates sequences of labels . . . 01010101 . . . .

We define the predictor Γ as follows

Γn :=

{
1 − xn if |#{i < n : yi = 0} − n/2| ≤ 1,

xn otherwise.

So, in the case when the distribution P is used to generate the examples, Γ

is always seeing either n− 1 zeros and n ones, or n zeros and n ones which,

consequently, will lead it to always predict the wrong label. It remains to

note that this is almost improbable in the case of an i.i.d. distribution.

Another point is the requirement on the frequencies of labels. In partic-

ular, the assumption (2.7) might appear redundant: if the rate of occurrence

of some label tends to zero, can we just ignore this label without affecting the

asymptotic? It appears that this is not the case, as the following example

illustrates.

Remark 2.9. There exists a distribution P on X∞ which satisfies (2.1) and

(2.2) but for which the nearest neighbour predictor is not consistent, i.e. the

probability of error does not tend to zero.

Proof. Let X = [0, 1], let η(x) = 0 if x is rational and η(x) = 1 otherwise.

The distribution P1 is uniform on the set of irrational numbers, while P0 is

any distribution such that P (x) 6= 0 for any rational x. (This construction

is due to T. Cover.) The nearest neighbour predictor is consistent for any

i.i.d. distribution which agrees with the definition, i.e. for any p = P (Y =

1) ∈ [0, 1].

Next we construct the distribution P|Y∞. Fix some ε, 0 < ε < 1.

Assume that according to P the first label is always 1, i.e. P(y1 = 1) = 1

(the object is an irrational number). Next k1 labels are always 0 (rationals),

then follows 1, then k2 zeros, and so on. It is easy to check that there exists
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such sequence k1, k2, . . . that with probability at least ε we have

max
i<n: Xi is irrational

P1{x : Xi is the nearest neighbour of x} ≤

where m(n) is the total number of irrational objects up to the trial n. On

each step n such that n = t+
∑t

j=1 kt for some t ∈ N (i.e. on each irrational

object) we have

E(errn(Γ,P))

≥ ε


1 −

∑

j<n: Xj is irrational

P(Xj is the nearest neighbour of X)


 ≥ ε2

As irrational objects are generated infinitely often (that is, with intervals

ki), the probability of error does not tend to zero.

Another question is whether the results can be generalised to the case of

non-deterministically defined labels, which is often considered in literature.

It should be noted that we consider the task of learning object-label depen-

dence, ignoring the label-label dependence (and prohibiting any dependence

apart from these). On one hand, it enables us to allow any sort of label-label

dependence. On the other hand, the best bound on the probability of error

we can obtain is is the maximum of the class-conditional probabilities of

error (as nothing is known about the probability of the next label), and not

the so-called Bayes error, which is the best achievable bound in the i.i.d.

case.

Thus, if we want to consider stochastically defined labels, we should

restrict our attention to class-conditional probabilities of error. On this way

also several obstacles can be met. In particular, the function η, which in this

case is defined as η(x) := P(Yn = 1|Xn = x) should not depend on n, which

will require more restrictive definition of constants Cn and the condition

(2.7). We leave this question for further investigation.
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One more point which needs clarification is the choice of the constants κn.

We fixed these constants for the sake of simplicity of notation, however, they

can be made variable. Specifically, for the asymptotic results the following

condition is required:

lim
n→∞

{n|pn − p| ≤ κn} = 0

almost surely for any p ∈ (0, 1) and any probability distribution P on X

such that P (y = 1) = p, where pn := 1
n
#{i ≤ n : yi = 0}.

2.5 Proofs for Section 2.1

Before proceeding with the proof of Theorem 2.1 we give some definitions

and supplementary facts.

Define the conditional probabilities of error of Γ as follows

err0
n(Γ,P, z0, . . . , zn) := P(Yn+1 6= Γ(z1, . . . , zn, Xn+1)|Yn+1 = 0),

err1
n(Γ,P, z0, . . . , zn) := P(Yn+1 6= Γ(z1, . . . , zn, Xn+1)|Yn+1 = 1)

(with the same notational convention as used with the definition of errn(Γ)).

In words, for each y ∈ Y = {0, 1} we define erry
n as the probability of all

x ∈ X, such that Γ makes an error on n’th trial, given that Yn+1 = y and

fixed z1, . . . , zn.

For any y := (y1, y2, . . . ) ∈ Y∞, define yn := (y1, . . . , yn) and pn(y) :=
1
n
#{i ≤ n : yi = 0}, for n > 1.

Clearly (from the assumption (2.1)) the random variables X1, . . . , Xn are

mutually conditionally independent given Y1, . . . , Yn, and by (2.2) they are

distributed according to PYi
, 1 ≤ i ≤ n. Hence, the following statement is

valid.
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Lemma 2.10. Fix some n > 1 and some y ∈ Y∞ such that

P((Y1, . . . .Yn+1) = yn+1) 6= 0.

Then

P
(
erryn+1

n (Γ) > ε
∣∣ (Y1, . . . , Yn) = yn

)

= P n
p

(
erryn+1

n (Γ) > ε
∣∣ (Y1, . . . , Yn) = yn

)

for any p ∈ (0, 1).

Proof of Theorem 2.1. Fix some n > 1, some y ∈ Y and such y1 ∈ Y∞

that nδ ≤ pn(y1) ≤ n(1 − δ) and P((Y1, . . . , Yn) = y1
n) 6= 0. Let p :=

pn(y1)/n. We will find bounds on P
(
errn(Γ) > ε | (Y1, . . . , Yn) = y1

n

)
, first

in terms of ∆ and then in terms of ∆̄.

Lemma 2.10 allows us to pass to the i.i.d. case:

P
(
erry

n(Γ, X1, y
1
1, . . . , Xn, y1

n, Xn+1) > ε
)

= P n
p

(
erry

n(Γ, X1, y
1
1, . . . , Xn, y1

n, Xn+1) > ε
)

for any y such that P(Y1 = y1
1, . . . , Yn = y1

n, Yn+1 = y) 6= 0 (recall that we use

upper-case letters for random variables and lower-case for fixed variables, so

that the probabilities in the above formula are labels-conditional).

Clearly, for δ ≤ p ≤ 1 − δ we have errn(Γ, Pp) ≤ maxy∈Y(erry
n(Γ, Pp)),

and if errn(Γ, Pp) < ε then erry
n(Γ, Pp) < ε/δ for each y ∈ Y.

Let m be such number that m − κm = n. For any y2 ∈ Y∞ such

that |mpm(y2) − mp| ≤ κm/2 there exist such mapping π : {1, . . . , n} →
{1, . . . , m} that y2

π(i) = y1
i for any i ≤ n. Define random variables X ′

1 . . . X ′
m

as follows: X ′
π(i) := Xi for i ≤ n, while the rest κm of X ′

i are some random

variables independent from X1, . . . , Xn and from each other, and distributed
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according to Pp (a “ghost sample”). We have

P n
p

(
erry

n(X1, y
1
1, . . . , Xn, y1

n) > ε
)

= P m
p

(
erry

n(X1, y
1
1, . . . , Xn, y1

n) − erry
n(X ′

1, y
2
1, . . . , X

′
m, y2

m)

+ erry
n(X

′
1, y

2
1, . . . , X

′
m, y2

m) > ε
)

≤ P m
p

(∣∣ erry
n(X ′

1, y
2
1, . . . , X

′
n, y

2
n) − erry

n(X1, y
1
1, . . . , Xn, y1

n)
∣∣ > ε/2

)

+P n
p

(
erry

n(X ′
1, y

2
1, . . . , X

′
n, y

2
n) > ε/2

)
.

Observe that y2 was chosen arbitrary (among sequences for which

|mpm(y2) − mp| ≤ κm/2) and

(X1, y
1
1, . . . , Xny

1
n)

can be obtained from

(X ′
1, y

2
1, . . . , X

′
my2

m)

by removing at most κm elements and applying some permutation. Thus

the first term is bounded by

P m
p

(
max

j≤κm; π:{1,...,m}→{1,...,m}
| erry

m(Γ, Z1, . . . , Zm)−

erry
m−j(Γ, Zπ(1), . . . , Zπ(m−j))| > ε/2

∣∣ |mp(m) − mp| ≤ κm/2
)

≤ ∆(Pp, m, δε/2)

P n
p (|mp(m) − mp| ≤ κm)

≤ 1

1 − 1/
√

m
∆(Pp, m, δε/2),

and the second term is bounded by 1
1−1/

√
m

P m
p (errm(Γ) > δε/2). Hence

P n
p

(
erry

n(X1, y
1
1, . . . , Xn, y1

n) > ε
)

≤ αn

(
∆(Pp, m, δε/2) + P m

p (errm(Γ) > δε/2)
)
. (2.20)

Next we establish a similar bound in terms of ∆̄. For any y2
n ∈ Yn such
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that |npn(y
2) − np| ≤ κn/2 there exist such permutations π1, π2 of the set

{1, . . . , n} that y1
π1(i)

= y2
π2(i)

for any i ≤ n − δκn. Denote n − δκn by n′

and define random variables X ′
1 . . .X ′

n as follows: X ′
π2(i)

:= Xπ1(i) for i ≤ n′,

while for n′ < i ≤ n X ′
i are some “ghost” random variables independent

from X1, . . . , Xn and from each other, and distributed according to Pp. We

have

P n
p

(
erry

n(X1, y
1
1, . . . , Xn, y1

n) > ε
)

≤ P n+κn
p

(∣∣ erry
n(X ′

1, y
2
1, . . . , X

′
n, y

2
n) − erry

n(X1, y
1
1, . . . , Xn, y1

n)
∣∣ > ε/2

)

+ P n
p

(
erry

n(X ′
1, y

2
1, . . . , X

′
n, y2

n) > ε/2
)
,

Again, as y2 was chosen arbitrary (among sequences for which |npn(y2) −
np| ≤ κn/2) and (X1, y

1
1, . . . , Xny

1
n) differs from (X ′

1, y
2
1, . . . , X

′
ny

2
n) in at

most κn elements, up to some permutation. Thus the first term is bounded

by

P n
p

(
sup

j<κn;π:{1,...,n}→{1,...,n};z′n−j ,...,z′n

| erry
n(Z1, . . . , Zn)

− erry
n(ζ1, . . . , ζn)| > ε/2

∣∣ |np(n) − np| ≤ κn/2
)

≤ αn∆̄(Pp, n, δε/2),

and the second term is bounded by αnP n
p (errn(Γ) > δε/2). Hence

P n
p

(
erry

n(X1, y
1
1, . . . , Xn, y1

n) > ε
)

≤ αn

(
∆̄(Pp, n, δε/2) + P n

p (errn(Γ) > δε/2)
)
. (2.21)

Finally, as y1 was chosen arbitrary among sequences y ∈ Y∞ such that

nδ ≤ pn(y1) ≤ n(1− δ) from (2.20) and (2.21) we obtain (2.5) and (2.6). �
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2.6 Proofs for Section 2.2

Proof of Theorem 2.3. Fix some probability distribution Pp and some n ∈ N.

Let ϕ× be any decision rule ϕ ∈ C picked by Γn−κn on which (along with

the corresponding permutation) the maximum

max
j≤κn; π:{1,...,n}→{1,...,n}

| errn(Γ, z1, . . . , zn) − errn−j(Γ, zπ(1), . . . , zπ(n−j))|

is reached. We need to estimate P n(| err(ϕ∗) − err(ϕ×)| > ε).

Clearly, |errn(ϕ×) − errn(ϕ∗)| ≤ κn, as κn is the maximal number of

errors which can be made on the difference of the two samples.

Moreover,

P n
(
| err(ϕ∗

n) − err(ϕ×)| > ε
)

≤ P n
(
| err(ϕ∗

n) − 1

n
errn(ϕ∗)| > ε/2

)

+P n
(
| 1
n

errn(ϕ×) − err(ϕ×)| > ε/2 − κn/n
)

Observe that

P n(sup
ϕ∈C

| 1
n

errn(ϕ) − err(ϕ)| > ε) ≤ 8S(C, n)e−nε2/32, (2.22)

see [12], Theorem 12.6. Thus,

∆(Pp, n, ε) ≤ 16S(C, n)e−n(ε/2−κn/n)2/32 ≤ 16S(C, n)e−nε2/512

for n > 4/ε2. So,

P(errn(Γ,P) > ε) ≤ Isupp∈[δ,1−δ] err(ϕPp ,Pp)>ε/2

+16αC−1
n S(C, n)e−nδ2ε2/2048 + (1 − Cn).
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It remains to notice that

err(ϕPp, Pp) = inf
ϕ∈C

(p err1(ϕ, Pp) + (1 − p) err0(ϕ, Pp))

≤ inf
ϕ∈C

(err1(ϕ, P1/2) + err0(ϕ, P1/2)) = 2 err(ϕP1/2
, P1/2)

for any p ∈ [0, 1].

So far we have proven (2.16) and (2.17); (2.18) and (2.19) can be proven

analogously, only for the case η ∈ C we have

P n(sup
ϕ∈C

| 1
n

errn(ϕ) − err(ϕ)| > ε) ≤ S(C, n)e−nε

instead of (2.22), and err(ϕPp, Pp) = 0. �

2.7 Proofs for Section 2.3

The first part of the proof is common for Theorems 2.6 and 2.7. Let us fix

some distribution P satisfying conditions of the theorems. It is enough to

show that

sup
p∈[δ,1−δ]

E(errn(Γ, Pp, Z1, . . . , Zn)) → 0

and

sup
p∈[δ,1−δ]

E(∆̄(Pp, n, Z1, . . . , Zn)) → 0

for nearest neighbour and partitioning predictor, and apply Corollary 2.2.

Observe that both predictors are symmetric, i.e. do not depend on the

order of Z1, . . . , Zn. Thus, for any z1, . . . , zn

∆̄(Pp, n, z1, . . . , zn) = sup
j≤κn; π:{1,...,n}→{1,...,n},z′n−j ,...,z′n

| errn(Γ, Pp, z1, . . . , zn) − errn(Γ, Pp, zπ(1), . . . , zπ(n−j), z
′
n−j, . . . , z

′
n)|,

where the maximum is taken over all z′
i consistent with η, n − j ≤ i ≤ n.
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Define also the class-conditional versions of ∆̄:

∆̄y(Pp, n, z1, . . . , zn) := sup
j≤κn; π:{1,...,n}→{1,...,n},z′n−j ,...,z′n

| erry
n(Γ, Pp, z1, . . . , zn) − erry

n(Γ, Pp, zπ(1), . . . , zπ(n−j), z
′
n−j, . . . , z

′
n)|.

Note that (omitting z1, . . . , zn from the notation)

errn(Γ, Pp) ≤ err0
n(Γ, Pp) + err1

n(Γ, Pp)

and

∆̄(Pp, n) ≤ ∆̄0(Pp, n) + ∆̄1(Pp, n).

Thus, it is enough to show that

sup
p∈[δ,1−δ]

E(err1
n(Γ, Pp)) → 0 (2.23)

and

sup
p∈[δ,1−δ]

E(∆̄1(Pp, n)) → 0. (2.24)

Observe that for each of the predictors in question the probability of error

given that the true label is 1 will not decrease if an arbitrary (possibly large)

portion of training examples labelled with ones is replaced with an arbitrary

(but consistent with η) portion of the same size of examples labelled with

zeros. Thus, for any n and any p ∈ [δ, 1− δ] we can decrease the number of

ones in our sample (by replacing the corresponding examples with examples

from the other class) down to (say) δ/2, not decreasing the probability of

error on examples labelled with 1. So,

E(err1
n(Γ, Pp)) ≤ E(err1

n(Γ, Pδ/2|pn = δ/2)) + Pp(pn ≤ δ/2), (2.25)

where as usual pn := 1
n
#{i ≤ n : yi = 1}. Obviously, the last term (quickly)
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tends to zero. Moreover, it is easy to see that

E(err1
n(Γ, Pδ/2)|pn = n(δ/2))

≤ E
(
err1

n(Γ, Pδ/2)
∣∣|n(δ/2) − pn| ≤ κn/2

)
+ E(∆̄1(Pδ/2, n))

≤ 1

1 − 1/
√

n
E(err1

n(Γ, Pδ/2)) + E(∆̄1(Pδ/2, n)). (2.26)

The first term tends to zero, as it is known from the results for i.i.d. pro-

cesses; thus, to establish (2.23) we have to show that

E(∆̄1(Pp, n, Z1, . . . , Zn)) → 0 (2.27)

for any p ∈ (0, 1).

We will also show that (2.27) is sufficient to prove (2.24). Indeed,

∆̄1(Pp, n, z1, . . . , zn) ≤ err1
n(Γ, Pp, z1, . . . , zn)+

sup
j≤κn; π:{1,...,n}→{1,...,n},z′n−j ,...,z′n

err1
n(Γ, Pp, zπ(1), . . . , zπ(n−j), z

′
n−j, . . . , z

′
n)

Denote the last summand by D. Again, we observe that D will not decrease

if an arbitrary (possibly large) portion of training examples labelled with

ones is replaced with an arbitrary (but consistent with η) portion of the

same size of examples labelled with zeros. Introduce ∆̃1(Pp, n, z1, . . . , zn) as

∆̄1(Pp, n, z1, . . . , zn) with κn in the definition replaced by 2
δ
κn. Using the

same argument as in (2.25) and (2.26) we have

E(D) ≤ 1

1 − 1/
√

n

(
E(∆̃1(Pδ/2, n)) + E(errn(Γ, Pδ/2)

)
+ Pp(pn ≤ δ/2).

Thus, (2.24) holds true if (2.27) and

E(∆̃1(Pp, n, Z1, . . . , Zn)) → 0. (2.28)
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Finally, we will prove (2.27); it will be seen that the proof of (2.28) is

analogous (i.e. replacing κn by 2
δ
κn does not affect the proof). Note that

E(∆̄(Pp, n, Z1, . . . , Zn)) ≤ Pp

(
sup

j≤κn; π:{1,...,n}→{1,...,n},z′n−j ,...,z′n

∣∣ errn(Γ, Pp, Z1, . . . , Zn) 6= errn(Γ, Pp, Zπ(1), . . . , Zπ(n−j), z
′
n−j, . . . , z

′)
∣∣
)
,

where the maximum is taken over all z′
i consistent with η, n − j ≤ i ≤ n.

The last expression should be shown to tend to zero. This we will prove for

each of the predictors separately.

Nearest Neighbour predictor. Fix some distribution Pp, 0 < p < 1 and

some ε > 0. Fix also some n ∈ N and define (leaving x1, . . . , xn implicit)

Bn(x) := P n+1
p {t ∈ X : t and x have the same

nearest neighbour among x1, . . . , xn}

and Bn := E(Bn(X)) Note that E(Bn) = 1/n, where the expectation is

taken over X1, . . . , Xn. Define B := {(x1, . . . , xn) ∈ Xn : Bn ≤ 1/nε} and

A(x1, . . . , xn) := {x : Bn(x) ≤ 1/nε2}. Applying Markov’s inequality twice,

we obtain

E(∆̄(Pp, n)) ≤ E(∆̄(Pp, n)|(X1, . . . , Xn) ∈ B) + ε

≤ E
(

sup
j≤κn; π:{1,...,n}→{1,...,n},z′n−j ,...,z′n

Pp

{
x : errn(Γ, Pp, Z1, . . . , Zn) 6= errn(Γ, Pp, Zπ(1), . . . , Zπ(n−j), z

′
n−j, . . . , z

′
n)

∣∣x ∈ A(X1, . . . , Xn)
}∣∣(X1, . . . , Xn) ∈ B

)
+ 2ε.

(2.29)

Removing one point xi from a sample x1, . . . , xn we can only change the

value of Γ in the area

{x ∈ X : xi is the nearest neighbour of x} = Bn(xi),
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while adding one point x0 to the sample we can change the value of Γ in the

area

Dn(x0) := {x ∈ X : x0 is the nearest neighbour of x}.

It can be shown that the number of examples (among x1, . . . , xn) for which

a point x0 is the nearest neighbour is not greater than a constant γ which

depends only the space X (see [12], Corollary 11.1). Thus,

Dn(x0) ⊂ ∪i=j1,...,jγBn(xi)

for some j1, . . . , jγ, and so

E(∆̄(Pp, n)) ≤ 2ε + 2(γ + 1)κnE( max
x∈A(X1,...,Xn)

Bn(x)|(X1, . . . , Xn) ∈ B)

≤ 2κn
γ + 1

nε2
+ 2ε,

which, increasing n, can be made less than 3ε. �

Partitioning predictor. For any measurable sets B ⊂ Xn and A ⊂ X

define

D(B, A) := E
(

sup
j≤κn; π:{1,...,n}→{1,...,n},z′n−j ,...,z′n

Pp

{
x : errn(Γ, Pp, Z1, . . . , Zn) 6= errn(Γ, Pp, Zπ(1), . . . , Zπ(n−j), z

′
n−j, . . . , z

′
n)

∣∣x ∈ A
}∣∣(X1, . . . , Xn) ∈ B

)
+ 2ε.

and D := D(Xn,X).

Fix some distribution Pp, 0 < p < 1 and some ε > 0. Introduce

η̂(x, X1, . . . , Xn) :=
1

N(x)

n∑

i=1

IYi=1IXi∈A(x)

(X1, . . .Xn will usually be omitted). From the consistency results for i.i.d.

model (see, e.g. [12], Theorem 6.1) we know that En+1|η̂n(X) − η(X)| → 0
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(the upper index in En+1 indicating the number of examples it is taken over).

Thus, E|η̂n(X) − η(X)| ≤ ε4 from some n on. Fix any such n and

let B := {(x1, . . . , xn) : E1|η̂n(X) − η(X)| ≤ ε2}. By Markov inequality

we obtain Pp(B) ≥ 1 − ε2. For any (x1, . . . , xn) ∈ B let A(x1, . . . , xn)

be the union of all cells An
i for which E1(|η̂n(X) − η(X)||X ∈ An

i ) ≤ ε.

Clearly, with x1, . . . , xn fixed, Pp(X ∈ A(x1, . . . , xn)) ≥ 1 − ε. Moreover,

D ≤ D(B, A) + ε + ε2.

Fix A := (x1, . . . , xn) for some (x1, . . . , xn) ∈ B. Since η(x) is always

either 0 or 1, to change a decision in any cell A ⊂ A we need to add or

remove at least (1− ε)N(A) examples, where N(A) := N(x) for any x ∈ A.

Let N(n) := E(N(X)) and A(n) := E(Pp(A(X)). Clearly, N(n)
nA(n)

= 1 for any

n, as E N(X)
n

= A(n).

As before, using Markov inequality and shrinking A if necessary we can

have Pp(
ε2nA(X)

N(n)
≤ ε|X ∈ A) = 1, Pp(

ε2nA(n)
N(X)

≤ ε|X ∈ A) = 1, and D ≤
D(B, A) + 3ε + ε2. Thus, for all cells A ⊂ A we have N(A) ≥ εnA(n), so

that the probability of error can be changed in at most 2 κn

(1−ε)εnA(n)
cells; but

the probability of each cell is not greater than N(n)
εn

. Hence E(∆̄(Pp, n)) ≤
2 κn

n(1−ε)ε2 + 3ε + ε2. �
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Chapter 3

Online learning with weak

teachers

3.1 Preliminaries

In this section we briefly introduce the online learning model and region

predictors. We also provide some background on Transductive Confidence

Machines, which is importand for understending the main results.

3.1.1 Notation

As before, we consider a sequence of object-label examples

(x1, y1), (x2, y2), . . . ;

In this chapter we consider a slightly more general situation, where labels

can be defined probabilistically (rather then deterministically). However,

only i.i.d. generated examples are considered.

That is, we just assume that examples are drawn according to some

probability distribution P∞ on Z∞.

Also in this chapter we work with a generalised vesrion of predictors, so-
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called region predictors. Traditionally defined predictors which output one

label are considered as a particular case of a region predictors: one-label

prediction can be thought of as a region consisting of one element.

A region predictor is a measurable function

Γ(x1, y1, . . . , xn−1, yn−1, xn),

taking values in P(Y ) where n ∈ N, the (xi, yi) ∈ Z, i = 1, . . . , n − 1 are

examples and xn ∈ X is an object.

For the cases when we are interested in prediction with confidence, the

predictor is given an extra input γ := (1 − δ) ∈ (0, 1) which is called the

confidence level ; the complementary value δ is called the significance level.

In this case, we assume that

Γγ1(x1, y1, . . . , xn−1, yn−1, xn) ⊆ Γγ2(x1, y1, . . . , xn−1, yn−1, xn)

whenever γ1 ≤ γ2.

An important modification of the definition of a region predictor is where

it is allowed to depend on additional inputs, random numbers τi ∈ [0, 1]

(τi are assumed to be independently distributed according to the uniform

distribution in [0, 1] and to be independent of the examples); however, this

case reduces to the case of deterministic region predictors by extending the

object space X to X× [0, 1], so that τi becomes an element of the extended

object xi. Therefore, we need not mention the random numbers τi explicitly.

A predictor is called symmetric if its predictions do not depend on the

order of the examples learnt so far: if Γ is a (region) predictor then

Γ(x1, y1, . . . , xn−1, yn−1, xn) = Γ(xπ(1), yπ(1), . . . , xπ(n−1), yπ(n−1), xn)

for any permutation π of the set {1, . . . , n − 1}.
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We often use the notation Γn instead of

Γ1−δ(x1, y1, . . . , xn−1, yn−1, xn)

when the values of other parameters are clear.

The number of errors Ern(Γ1−δ) which Γ makes up to the trial n ∈ N is

defined as

#{i = 1, . . . , n : yi /∈ Γ1−δ(x1, y1, . . . , xi−1, yi−1, xi)}.

The indicator of an individual error ern at trial n is defined to be 1 if yn /∈ Γn

and 0 otherwise.

Similarly, the number of uncertain predictions Unn(Γ) that Γ1−δ makes

up to the trial n ∈ N is defined to be

#{i = 1, . . . , n : |Γ1−δ(x1, y1, . . . , xn−1, yi−1, xi)| > 1},

and the indicator unn of uncertain prediction at individual trial n to be 1 if

|Γn| > 1 and 0 otherwise.

A region predictor is called well-calibrated if, for any δ ∈ (0, 1),

lim
n→∞

Ern(Γ1−δ)

n
→ δ a.s.

under any probability distribution P∞ generating the examples. Note that

in the last definition a predictor is required to achieve exactly δ rate of errors

for all distributions, including very clean ones. This means that sometimes

it deliberately outputs wrong (e.g. empty) predictions. The merits of such

definition versus the definition where the rate of errors should be less than

or equal to δ are discussed in [54]; here we only note that all the results can

be extended to the latter case, and consider the former case as more simple

to analyse.
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3.1.2 Transductive Confidence Machines

In this section we breifly introduce TCMs, following [51] in our exposition.

For understending the rest of this chapter some explanation of what TCM

is and how it works is important. However, formally, in what follows this

section we only use the fact that TCMs are symmetric and well-calibrated.

A TCM is a way of constructing region predictor from a machine learning

algorithm. A learning algorithm is implemented into a TCM in the form of

individual strangeness measure, which is defined as follows.

A family of functions {An : n ∈ N} where An : Zn → R
n is called

individual strangennes measure if for any n ∈ N, any z1, . . . , zn ∈ R, any

α1, . . . , αn ∈ R and any permutation π

(α1, . . . , αn) = An(z1, . . . , zn) ⇒ (απ(1), . . . , απ(n)) = An(zπ(1), . . . , zπ(n)).

In other words, An it preserves the order.

A TCM associated with individual strangeness measure An is the follow-

ing region predictor:

Γ1−δ(x1, y1, . . . , xn−1, yn−1, xn)

is defined as a set of all labels y ∈ Y such that

1

n
#{i = 1, . . . , n : αi ≥ αn} > δ,

where (α1, . . . , αn) := An(x1, y1, . . . , xn−1, yn−1, xn, y).

Thus, a TCM “tries” each possible label with the current object, and

includes it in the prediction if its strangeness is small, among strangeness of

the examples of the training set.

As an example, a strangeness measure based on the Nearest Neighbour
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rule can be defined as follows:

αi :=
minj 6=i:yj=yi

d(xi, xj)

minj 6=i:yj 6=yi
d(xi, xj)

,

where d is the Eucledean distance. Thus, an object will appear strange

if it is amidst the objects labelled differently. Other learning algorithms

can be used to construct strangeness measures; examples include k-Nearest

Neighbour rules, Support Vector Machines, Neural Networks, etc.

As it was already noted, a TCM is well-calibrated, i.e. achives any pre-

defined level of erroneousness (rate of errors). Thus, to compare different

TCMs (that is, different strangeness measures), the rate of uncertain predic-

tions should be used as a measure of performance. Observer that there is an

optimal region predictor among TCMs, i.e. the predictor which achives min-

imal asimptotic rate of uncertain predictions. Such a TCM was constructed

in [52] based on the nearest neighbours strangeness measure.

3.2 Weak Teachers scenario

This section presents our generalisation of on-line learning scenario, allow-

ing delayed and omitted labels. We find some sufficient conditions on the

parameters of the new scenario under which asymptotic performance of a

predictor is preserved.

3.2.1 Weak Deterministic Teachers

We suggest the following deterministic modified scenario for online predic-

tion.

We call a sequence L :=
(
(li, ki) : i ∈ N

)
, where (li, ki) ∈ N × N, i ∈ N a

(deterministic) learning rule if ki ≤ ni :=
∑i

j=1 lj for all i ∈ N , and i 6= j

implies ki 6= kj for all i, j ∈ N. The symbol N is used for the set {n1, n2, . . . }.
Define the total amount of information available at the beginning of trial
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n to a prediction algorithm taught according to the learning function L as

s(n) := #{i ∈ N : i < n}.
In this definition, the numbers li specify the delays with which true

labels are given, so that ni are the numbers of trials on which the labels are

disclosed, while ki are the numbers of actual labels.

Suppose that Γ1−δ is an online predictor and L is a learning rule. Then

we define the L-taught version of Γ1−δ as follows:

ΓL

1−δ(x1, y1, . . . , xn−1, yn−1, xn) := Γ1−δ(xk1 , yk1, . . . , xks(n)
, yks(n)

, xn).

So at the end of each trial n ∈ N the predictor ΓL

1−δ “learns” the label yn if

n ∈ N and “learns” nothing otherwise. The sequence (li : i ∈ N) specifies

the intervals in which labels are given, while the sequence (ki : i ∈ N)

specifies the labels given on corresponding steps.

Consider several examples.

Ideal teacher. If ln = 1 and kn = n for each n ∈ N, then ΓL

1−δ is equal to

Γ1−δ.

Slow teacher with a fixed lag. If ln = d + 1 for some d ∈ N and kn =

n+ d for n ∈ N , then ΓL

1−δ is a predictor which learns true labels with

the delay d.

Slow teacher. The previous example can be generalised as follows. Let

ln = lag(n), n ∈ N where lag : N → N ∪ {0} is an arbitrary function

and let kn = n for all n ∈ N . Then ΓL

1−δ models a predictor which

learns the true label for each example xn with the delay lag(n). This is

what we call a region predictor with slow teacher with the delay lag().

Lazy teacher. Suppose that N 6= N and ln = 1, for all n ∈ N ; then ΓL

1−δ is

a region predictor with lazy teachers: it is given true labels immediately

but not on every step.
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Prior to stating the main theorem about L-taught predictors we need to

give one more definition. If Γ is a (region) predictor, set

Er(Γ) :=

[
lim inf
n→∞

Ern(Γ)

n
, lim sup

n→∞

Ern(Γ)

n

]
.

If Γ is a region predictor, set

U(Γ) :=

[
lim inf
n→∞

Unn(Γ)

n
, lim sup

n→∞

Unn(Γ)

n

]
.

The intervals Er(Γ) and U(Γ) characterise the asymptotical error and un-

certainty rates of Γ correspondingly; of course, these are random intervals,

since they depend on the actual sequence of examples. It turns out, however,

that in the case of symmetric predictors these intervals are close to being

deterministic.

Lemma 3.1. For each symmetric region predictor Γ and probability distri-

bution P in Z there exist intervals [a1, b1] ⊆ R and [a2, b2] ⊆ R such that

Er(Γ) = [a1, b1] and U(Γ) = [a2, b2] P∞-almost surely.

Proof. The statement of this lemma is an immediate consequence of the

Hewitt-Savage zero-one law (see, e.g., [42]).

We will use the notations Er(Γ, P ) and U(Γ, P ) for the intervals whose

existence is asserted in the lemma.

Since TCMs are calibrated and so Er(Γ1−δ, P ) is just {δ} for any P for

any TCM, we do not consider Er(Γ, P ) for TCMs.

We call U(Γ, P ) the asymptotical uncertainty of Γ with examples dis-

tributed according to P .

Theorem 3.2. Let Γ1−δ be a symmetric (region) predictor, let L be a de-

terministic learning rule, and let ΓL

1−δ be the L-taught version of Γ1−δ. The

following statements hold for any probability distribution P ∞ generating the

examples.
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• If Γ1−δ is a TCM and
∞∑

i=2

l2i
n2

i

< ∞ (3.1)

then ΓL

1−δ is well calibrated.

• If for some l ∈ N, li = l from some i on, then U(ΓL

1−δ, P ) = U(Γ1−δ, P )

and Er(ΓL

1−δ, P ) = Er(Γ1−δ, P ).

The proofs are provided in Section 3.4. A discussion of cases in which

the first statement of the theorem is satisfied is given in Section 3.3.

3.2.2 Weak Randomised Teachers

We define a randomised learning rule as a sequence

L :=
(
(li, ki) : i ∈ N

)

of random variables (li, ki), i ∈ N distributed according to some probability

distribution L on (N × N)∞, such that

i) random variables (li, ki), i ∈ N are independent of examples, i.e. of zi,

i ∈ N,

ii) random variables li, i ∈ N are independent of each other,

iii) for all i, j ∈ N if i 6= j then L(ki = kj) = 0,

iv) L(ki > ni) = 0, for all i ∈ N, where ni =
∑i

j=1 lj.

Obviously, such distributions exist; for instance, li, i ∈ N can be any

sequence of i.i.d. random variables distributed on N (and independent of

examples), while ki = ni with probability 1.

The total amount of information available to a prediction algorithm

taught according to the randomised learning rule is defined as the random

variable s(n) := max{i : ni < n}.
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Suppose that Γ1−δ is an online predictor and L is a randomised learning

rule. We define the L -taught version of Γ1−δ as follows:

ΓL

1−δ(x1, y1, . . . , xn−1, yn−1, xn) := Γ1−δ(xk1 , yk1, . . . , xks(n)
, yks(n)

, xn).

As in the case of deterministic learning rules, the variables li, i ∈ N

define the intervals with which new labels are given, while the variables ki

specify the labels which are given to a predictor on corresponding steps; for

every i ∈ N on step ni the label yki
is revealed.

Consider several examples.

Ideal teacher. Again, we start with a degenerate example. If li = 1 and

ki = ni with probability 1 for each i ∈ N, then ΓL

1−δ is equal to Γ1−δ.

Simple Bernoulli teacher. Suppose that L(li = n) = p(1 − p)n−1 for all

n, i ∈ N and some p ∈ (0, 1), and let ki, i ∈ N be any random variables

satisfying the definition of a randomised learning rule. Then on each

step some past label is revealed to a predictor with probability p.

Bernoulli teacher. If in the previous example we allow p to vary, i.e.

L(li = n) = pi
n

∏n−1
j=1 (1 − pi

j) for some pi
j ∈ N, for all n, i ∈ N, then on

each step some past label is revealed to a predictor with some proba-

bility pi
j.

(Simple) Poisson teacher. Let each li be distributed according to a Pois-

son distribution with parameter λ > 0, i.e. L(li = n) = λn

n!
e−λ for all

i ∈ N. As before, we do not specify the distribution of random vari-

ables ki, we just assume that they satisfy the definition. We call such

learning rule a Simple Poisson teacher. Likewise the previous example,

this case can be generalised to Poisson teacher by allowing different

values of the parameter λ on different steps.

Analogously to the last example we can define Binomial teacher, Expo-

nential teacher, etc.
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Theorem 3.3. Let Γ1−δ be a symmetric (region) predictor, let L be a ran-

domised learning rule, and let ΓL

1−δ be the L-taught version of Γ1−δ. The

following statements hold for any probability distribution P ∞ generating the

examples.

• If Γ1−δ is a TCM and for each i ∈ N the second moment of li exists,

and ∞∑

i=2

El2i
n2

i

< ∞ a.s. (3.2)

then ΓL

1−δ is well calibrated.

• If for some l > 0, Eli = l from some i on, the variances ∆li of random

variables li exist and
∞∑

i=2

∆li
n2

i

< ∞ a.s. (3.3)

then U(ΓL

1−δ, P ) = U(Γ1−δ, P ) and Er(ΓL

1−δ, P ) = Er(Γ1−δ, P ).

It can be easily checked that Simple Bernoulli and Simple Poisson teach-

ers both satisfy all conditions of Theorem 3.2, and thus the rates of errors

and uncertain predictions are preserved in these cases.

3.3 Discussion of the conditions of the theo-

rems

First we would like to give some explanations on the conditions of the first

statement of the Theorem 3.2.

Remark 3.4. ΓL

1−δ is well calibrated when

nk+1

nk
= 1 + O

(
1√

k ln k

)
. (3.4)
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For example, it is well calibrated when nk grows as exp(
√

k/ ln k); on the

other hand, our result cannot guarantee that it is well calibrated if nk grows

as exp(
√

k).

Proof. Indeed, condition (3.1) can be rewritten as

∞∑

i=2

(
ln

ni+1

ni

)2

< ∞;

therefore, it is satisfied when ln(nk+1/nk) = O(1/(
√

k ln k)); this is equiva-

lent to (3.4).

Conditions of Theorem 3.3 concerning uncertain predictions (the second

statement) are evidently weaker then those of Theorem 3.2; it seems that

the strict condition of fixed l in Theorem 3.2 can be made weaker. However,

the following simple example shows that it is not so.

Remark 3.5. There exist a predictor Γ and a deterministic learning func-

tion L for which

lim
n→∞

1

n
Ern(ΓL) > lim

n→∞

1

n
Ern(Γ)

although L seems to be some deterministic version of Simple Bernoulli

teacher with parameter p = 1/3.

Proof. Suppose that the object space consists of just one element: X =

{x}, so objects play only formal role in this example. Let Y = {0, 1}, let

P (yn = 0) = 0 and P (yn = 1) = 1 for all n ∈ N. Thus, zn = 1 for

every n ∈ N. However, Γ will sometimes make errors. For any n ∈ N

we define Γ(Z, x) = {1} for even n and Γ(Z, x) = {0} for odd n, where

Z = (z1, . . . , zn−1). Observe that Γ always makes correct predictions on

even steps and incorrect on odd: limn→∞ Ern(Γ)/n = 1/2.

Furthermore, we define N = {3k − 1, 3k : k ∈ N} and L(n) = n for all

n ∈ N . Clearly, s(n) = [2/3n]. It is easy to see that limn→∞ Ern(ΓL)/n =

2/3 > 1/2.
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3.4 Proofs

Proof of Theorem 3.2 Suppose that B is a region predictor (such as Γ1−δ

or ΓL

1−δ). We introduce the following “predictable” versions of ern(B) and

unn(B):

errn(B) = P
{

(x, y) ∈ Z : y /∈ B1−δ(x1, y1, . . . , xn−1, yn−1, x)
}
,

uncn(B) = P
{

(x, y) ∈ Z :
∣∣B1−δ(x1, y1, . . . , xn−1, yn−1, x)

∣∣ > 1
}
,

Errn(B) =

n∑

i=1

erri(B),

Uncn(B) =

n∑

i=1

unci(B)

Since Ern(ΓL

1−δ)− Errn(ΓL

1−δ) and Unn(ΓL

1−δ)−Uncn(ΓL

1−δ) are martingales,

and

| ern(ΓL

1−δ) − errn(ΓL

1−δ)| ≤ 1,

| unn(ΓL

1−δ) − uncn(ΓL

1−δ)| ≤ 1,

the martingale strong law of large numbers (see, e.g., [42]) implies that

lim
n→∞

Ern(ΓL

1−δ) − Errn(ΓL

1−δ)

n
= 0 a.s.

and

lim
n→∞

Unn(ΓL

1−δ) − Uncn(ΓL

1−δ)

n
= 0 a.s.;

this actually means that we can study Errn(ΓL

1−δ) and Uncn(Γ
L

1−δ) instead

of Ern(ΓL

1−δ) and Unn(ΓL

1−δ).

In this proof, where the arguments of functions Γ1−δ and ΓL

1−δ are not

given explicitly, we assume that the predictor ΓL

1−δ receives the sequence
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(
zi : i ∈ N

)
while the predictor Γ1−δ receives the sequence

(
zki

: i ∈ N
)
.

The latter sequence is distributed according to P∞, since the choice of L,

by definition, does not depend on the examples zi, i ∈ N.

We first prove the second statement of the theorem. For any n ∈ N, by

definition of ΓL

1−δ and using the symmetry of Γ1−δ, we have

uncn(ΓL

1−δ)

= P
{

(x, y) ∈ Z : |ΓL

1−δ(x1, y1, . . . , xn−1, yn−1, x)| > 1
}

= P
{

(x, y) ∈ Z : |Γ1−δ(xk1 , yk1, . . . , xks(n)
, yks(n)

, x)| > 1
}

= uncs(n)+1(Γ1−δ).

Thus, since s(n) = n/l + O(1), we have

n∑

i=1

unci(Γ
L

1−δ) = l

bn/lc∑

i=1

unci(Γ1−δ) + O(1),

and so

Uncn(ΓL

1−δ) = l Uncbn/lc(Γ1−δ) + o(n).

It follows that U(ΓL

1−δ, P ) = U(Γ1−δ, P ).

The statement about Er(Γ) is proven analogously.

Now we proceed with the first statement of the theorem. Clearly,

Errnk
(ΓL

1−δ) = l1 err1(Γ1−δ) + l2 err2(Γ1−δ) + · · · + lk errk(Γ1−δ) (3.5)

for any k ∈ N. Denote

e1 := l1 err1(Γ1−δ), e2 := l2 err2(Γ1−δ), . . .

and

e1 := l1 er1(Γ1−δ), e2 := l2 er2(Γ1−δ), . . . .
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It is easy to see that ei − ei, i ∈ N, is a martingale difference sequence with

respect to Γ1−δ’s input sequence, zki
, i ∈ N. Moreover,

E
(
(ei − ei)

2 | zk1 , . . . , zki−1

)
≤ l2i ,

for i ∈ N. Thus,

∞∑

i=1

1

n2
i

E
(
(ei − ei)

2 | zk1 , . . . , zki−1

)
≤

∞∑

i=1

l2i
n2

i

< ∞.

We can use (3.5) and the martingale strong law of large numbers to conclude

that, as k → ∞,

1

nk

(
Errnk

(ΓL

1−δ) −
k−2∑

i=1

ei

)
=

1

nk

k−2∑

i=1

(ei − ei) → 0 a.s.

Analogously,

1

nk

(
k−2∑

i=1

ei

)
− δ =

1

nk

k−2∑

i=1

(
ei − δli

)
→ 0 a.s.

And so

1

n
Errn(ΓL

1−δ) ≤
1

n

(
Errks(n)

(ΓL

1−δ) + ls(n)+1

)
→ δ a.s.,

(the fact that lsn+1/n → 0 follows from the first condition of the theorem)

which implies the first statement of the theorem: 1
n

Ern(ΓL

1−δ) → δ a.s..

Proof of Theorem 3.3 The proof of the first statement of the theorem is

analogous to that of Theorem 3.2.

The proof of the second statement is also straightforward after that of

Theorem 3.2, except for the ending: we have

n∑

i=1

unci(Γ
L

1−δ) ≤ l

bn/lc∑

i=1

unci(Γ1−δ) + O(1) +

bn/lc∑

i=1

|li − Eli|. (3.6)
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We observe that
∑bn/lc

i=1 |li − Eli| is a martingale, and use (3.3) and, again,

martingale strong law of large numbers to derive

1

n

bn/lc∑

i=1

|li − Eli| → 0 a.s.

which, along with (3.6), implies U(ΓL

1−δ, P ) = U(Γ1−δ, P ).
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Chapter 4

Conclusion and future work

In the present work we have shown that methods developed in pattern recog-

nition theory can be used in more general models than those they were de-

signed for. That is, we have shown that certain assumptions traditionally

imposed on the way examples are presented to learning algorithms can be

relaxed without significant loss in performance.

The first assumption we have considered, the assumption that training

and testing examples are distributed independently, was replaced with a

weaker assumption of conditional independence. We have shown that for

a wide range of predictors the results concerning their performance still

hold true under the new assumptions. This concerns asymptotic as well

as finite-step, distribution-free as well as distribution-specific results. Thus,

it probably would not be an exaggeration to say that we have shown the

independence assumption to be, to a considerable extend, redundant.

However there are still interesting problems to be solved on the way of

relaxing the i.i.d. assumption. Thus, it appears important to find a way

to generalise data-dependent estimates of performance (e.g. those known

for SVMs, see [7]) to the new model. As mentioned before, it would also

be interesting to obtain generalisations of our results to the case of non-

deterministically defined labels. Some more strong consistency results are

probably waiting to be obtained, as most of our results on non-parametric
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predictors concern weak consistency. The question of whether similar gener-

alisations can be made to other learning tasks, such as regression estimation,

is also may be worth an investigation.

The second assumption we have considered concerns the on-line learn-

ing scenario. We have introduced the possibility to omit or delay labels

revealed to a predictor, and found conditions under which such “weakness”

of a teaching protocol does not affect the performance of a predictor. These

results were obtained in the framework of on-line region prediction, which is

perhaps best suited for studying adaptive behaviour of learning algorithms.

In this direction it appears interesting to obtain more results on the influence

of weak teachers on the uncertainty of region predictors.

In sum, we can say that the traditionally used theoretical models for

pattern recognition are too strict. However, there are negative results in

pattern recognition theory that show that in a certain sense the theoretical

models are too general. (For example, it is shown in [9] that for any pattern

recognition task there exists a distribution under which the probability of

error decreases arbitrarily slowly.)

Perhaps this controversy shows that the pattern recognition task is still

awaiting its new theoretical models, and with them probably new practical

methods.
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